If D is a bordered Riemann surface whose closure admits a holomorphic embedding into C 2 , then D admits a proper holomorphic embedding into C 2 .
Does every open Riemann surface embed properly holomorphically in C 2 ? A bordered Riemann surface is a compact one dimensional complex manifold, D, with smooth boundary bD = m j=1 C j consisting of finitely many closed Jordan curves C j , and without any isolated points in bD. Such D is conformally equivalent to a smoothly bounded domain in a closed Riemann surface. In this paper we prove the following result that gives an affirmative answer to the problem posed in [16, p. 686 ] and summarizes all known developments on this subject. Theorem 1.1. If a bordered Riemann surface, D, admits an injective immersion D ֒→ C 2 that is holomorphic in the interior D = D\bD, then D admits a proper holomorphic embedding into C 2 .
Equivalently, the interior of any compact one dimensional complex submanifold M ⊂ C 2 with smooth boundary admits a proper holomorphic embedding into C 2 . In particular, every smoothly bounded relatively compact domain in a smooth complex curve A ⊂ C 2 (not necessarily closed) embeds properly to C 2 . Our method also applies to certain domains with punctures (see Theorem 3.5). Theorem 1.1 effectively resolves the issue of properness, and it leaves open the problem of separating points by a pair of holomorphic functions.
Our proof of Theorem 1.1, together with the main result of [35] , also gives the following interpolation result (see §3): Corollary 1.2. Let D be a bordered Riemann surface as in Theorem 1.1. Given discrete sequences of points {a j } ⊂ D and {b j } ⊂ C 2 without repetitions, there is a proper holomorphic embedding ϕ : D ֒→ C 2 such that ϕ(a j ) = b j for j = 1, 2, . . ..
Before proceeding let us recall the history of this problem. An open
Riemann surface is the same thing as a one dimensional Stein manifold (see [31] for the theory of Stein manifolds). Since every n-dimensional Stein manifold admits a proper holomorphic embedding in C 2n+1 and a proper holomorphic immersion in C 2n (see [14, 39, 42] ), all open Riemann surfaces properly embed in C 3 , and properly immerse in C 2 . Each closed Riemann surface (i.e., compact and without boundary) immerses holomorphically in P 2 with transverse double points and it embeds holomorphically in P 3 , but only a few of them embed in P 2 as is seen from the genus formula g = 1 2 (d − 1)(d − 2) relating the genus g and the degree d of a smoothy embedded compact complex curve in P 2 (see [30, p. 220]) .
A more precise embedding result for Stein manifolds was obtained by Eliashberg and Gromov [18] and Schürmann [44] : A Stein manifold dimension n > 1 admits a proper holomorphic embedding in C N with N = 3n 2 +1, and this N is the smallest possible by the examples of Forster [20] . (The corresponding result with interpolation along discrete sequences, analogous to Corollary 1.2, was proved in [25] , following an earlier result in [41] .) For n = 1 this would predict that each open Riemann surface embeds properly into C 2 , but the proof in the mentioned papers breaks down in this lowest dimensional case, and no alternative method has been found yet.
The oldest results for embedding Riemann surfaces properly in C 2 are due to Kasahara and Nishino [47] (for the disc D = {z ∈ C : |z| < 1}), Laufer [36] (for the annuli A = {r 1 < |z| < r 2 }), and Alexander [7] (for the punctured disc D\{0}). These were essentially the only known results at the time of the survey by Bell and Narasimhan [9] .
The first result for a general class of domains was obtained in 1995 by J. Globevnik and B. Stensønes [28] who proved that every finitely connected planar domain D ⊂ C without isolated boundary points embeds properly holomorphically into C 2 . They initially embed D properly into the cylinder D × C by choosing as the first coordinate an inner function on D that is continuous on D. Subsequently they push the boundary of D to infinity by a sequence of holomorphic automorphisms of C 2 (compositions of shears in the coordinate directions) that converges on the interior D to a proper holomorphic embedding ϕ : D ֒→ C 2 . For technical reasons they make small modifications of the conformal structure on D during the process, due to cutting away small pieces of D near the boundary; hence an additional argument using the uniformization theory is needed to see that every planar domain of the indicated type can be embedded in this way.
In [27] , Globevnik proved Corollary 1.2 in the case when D is the disc D.
Improvements and extensions of the results of Globevnik and Stensønes, using similar ideas and also the solution of a Riemann-Hilbert boundary value problem (to avoid changes of the conformal structure), can be found in [16, 17] . In [16, Corollary 1.3] it was shown that all bordered Riemann surfaces whose double is hyperelliptic embed properly holomorphically in C 2 ; an example of this kind is a torus with a removed disc. (See Example 1.4 below.) It was also shown that each smooth bordered surface D has a conformal structure in which D admits a proper holomorphic embedding into C 2 (see [16, Theorem 1.1] ).
A considerably more general method was introduced by E. F. Wold in the series of recent papers [49, 50, 51] . In [50] , Theorem 1.1 was proved under the additional asumption that each boundary curve C j ⊂ bD ⊂ C 2 contains an exposed point p j = (a j , b j ), meaning that the vertical line {a j } × C intersects D precisely at p j and the intersection is transverse. (See Definition 3.2 and Theorem 3.3.) By applying a shear (z, w) → (z, w + g(z)), where g is a suitably chosen rational function with poles at the points a j , the exposed points p j are blown off to infinity, and we obtain an unbounded embedded complex curve D\{p 1 , . . . , p m } ⊂ C 2 whose boundary consists of unbounded arcs λ j = C j \{p j } (with the endpoint p j at infinity). By a sequence of holomorphic automorphisms of C 2 we then push the arcs λ j to infinity, insuring that the sequence converges uniformly on compacts in D to a proper holomorphic embedding D ֒→ C 2 . The relevant results concerning automorphisms of C 2 come mainly from the papers [8, 24] . For more details see Theorem 3.3 below. A list of open Riemann surfaces that can be embedded properly holomorphically in C 2 by Wold's method can be found in [35, Theorem 1] .
This review shows that our Theorem 1.1 includes all bordered Riemann surfaces that have been known to embed properly holomorphically to C 2 , but of course many others. Here are a couple of simple examples. Example 1.3. Let R be a smooth closed algebraic curve in the projective plane P 2 . If U 1 , ..., U k are pairwise disjoint smoothly bounded discs in R whose union contains the intersection of R with a projective line P 1 ⊂ P 2 , then the bordered Riemann surface D = R\ k i=1 U i ⊂ P 2 \P 1 = C 2 embeds properly and holomorphically into C 2 according to Theorem 1.1.
In particular, since every one dimensional complex torus embeds as a smooth cubic curve in P 2 , with a given point going to the line at infinity, we see that any finitely connected subset without isolated boundary points in a torus embeds properly into C 2 . (This is the main theorem in [51].) Example 1.4. A compact Riemann surface R is called hyperelliptic if it admits a meromorphic function of degree two, i.e., a two-sheeted branched holomorphic covering R → P 1 (see [30, p. 247] ). Such R is the normalization of a complex curve in P 2 given by w 2 = Π k j=1 (z−z j ) for some choice of points z 1 , . . . , z k ∈ C (see [19] ). A bordered Riemann surface D is hyperelliptic if its double is hyperelliptic. (The double of D is a compact Riemann surface obtained by gluing two copies of D, the second one with the conjugate conformal structure, along their boundaries; see [46, p. 217 ].) Such D admits a holomorphic embedding into the bidisc D 2 ⊂ C 2 by a pair of inner functions mapping bD to the torus (b D) 2 (see Rudin [43] and Gouma [26] ).
By Theorem 1.1, every smoothly bounded domain in a hyperelliptic bordered Riemann surface admits a proper holomorphic embedding in C 2 .
We prove Theorem 1.1 in §3 by showing that every holomorphic embedding D ֒→ C 2 can be modified to one that has an exposed point in each boundary component (see Proposition 3.4) ; the existence of a proper holomorphic embedding D ֒→ C 2 then follows from Theorem 3.3. We do this very explicitly by first attaching to each boundary curve C j of D (considered as a subset of C 2 via an embedding as in Theorem 1.1) a smooth embedded arc γ j , chosen such that its other endpoint p j is exposed in j {γ j } ∪ D. We then embed a small deformation of j {γ j } ∪ D into a locally closed, embedded Riemann surface R ⊂ C 2 .
In the second step we construct a conformal diffeomorphism φ : D → φ(D) ⊂ R such that the image domain D ′ = φ(D) contains the exposed endpoints p j of the tails γ j in its boundary bD ′ (see Theorem 2.3). To find such φ, we begin with appropriate local deformations of small discs in D near the chosen boundary points (see Lemma 2.1). These local deformations are patched with the identity map on D by a Cartan-type lemma for splitting a biholomorphic map close to the identity on a Cartan pair (a special case of [22, Theorem 4.1]); see Lemma 2.2. Theorem 3.3 (Wold's theorem) applies to the new domain D ′ = φ(D) and gives a proper holomorphic embedding g : D ′ ֒→ C 2 . The composition ϕ = g • φ : D ֒→ C 2 is then a proper holomorphic embedding of the initial domain into C 2 .
The main difference between our construction in this paper, as opposed to those of Globevnik and Stensønes [28] (for planar domains) and Wold [51] (for domains in tori), is that the conformal structure on D does not change during the construction, and hence we do not need the uniformization theory in order to complete the proof.
In §4, which is independent of the rest of the paper, we sketch another proof of Theorem 1.1 by using Teichmüller spaces of bordered Riemann surfaces. Although not as explicit as our main proof in §3, this approach might be useful when trying to settle the following remaining problem: Problem 1.5. Does every bordered Riemann surface D admit a smooth injective immersion into C 2 that is holomorphic in the interior D ?
It is easily seen that the set of all conformal structures on a given smooth bordered surface that admit a holomorphic embedding in C 2 (as in Theorem 1.1) constitutes a nonempty open set of the corresponding Teichmüller space (see Proposition 4.1). For an affirmative answer to the above question one would have to show that this set is also closed (see Problem 4.2) .
For the general theory of Riemann surfaces see [6, 19, 30, 46] , and for the theory of Stein manifolds see [31] .
Construction of a conformal diffeomorphism
We denote by D the open unit disc in C, and by rD the disc of radius r > 0. We begin with a lemma on conformal mappings.
γ is a smooth Jordan arc with endpoints a and b such that γ ∩ G = {a} and the tangent lines to γ and b G at the point a are transverse, and V is a neighborhood of γ. Then there exists a sequence of smooth diffeomorphisms ψ n : G → ψ n (G) ⊂ R that are conformal on G and satisfy the following properties for n = 1, 2, . . .:
Proof. Since G ∪ γ admits a simply connected neighborhood in R, and since we are going to construct maps with images near G ∪ γ, we might as well assume that we are working in the complex plane, that a is the origin, and that the strictly positive real axis lies in the complement of G near the origin. For each n ∈ N let l n denote the line segment between 0 and 1 n in R ⊂ C. Let V be a neighborhood of the origin with V ′ ⋐ V ⋐ V ′′ . By approximation there are neighborhoods U n of G∪l n and holomorphic injections f n : U n → C such that the following hold for all n ∈ N:
Of course property (3) is a consequence of (1) for large enough n. For the details of this approximation argument see e.g. [48] or [34, Theorem 3.2] (for C 0 -approximation), and [23, Theorem 3.2] for the general case with smooth approximation on l n .
For small positive numbers ǫ we let Ω ǫ denote domains obtained by adding an ǫ-strip around l n to G, containing the point 1 n in the boundary b Ω ǫ . We smoothen corners to obtain smoothly bounded domains. We let R ǫ denote the part of Ω ǫ that is not in G.
Choose a sequence ǫ n ց 0 such that Ω ǫn ⊂ U n for each n ∈ N. Write Ω n = Ω ǫn and R n = R ǫn . By choosing the ǫ n 's small enough we get that
Next we choose a point p ∈ G and a sequence of conformal maps g n : G → Ω n such that g n (p) = p and g ′ n (p) > 0 for n = 1, 2, . . .. Since our domains are smoothly bounded, the map g n extends to a smooth diffeomorphism of G onto Ω n . Furthermore, since the domains Ω n converge to G as n → ∞, we conclude by Rado's theorem (see e.g. [40, Corollary 2.4, p. 22] or [29, Theorem 2, page 59]) that
Hence for n large enough we have that g n (V ′ ∩G) ⊂ ( V ∩G)∪R n . Combining this with (3) and (4) we see that
Hence, by defining ψ n := f n • g n we get property (iii) for all large n, and we clearly also get property (i).
To see that property (ii) holds, let a n ∈ b G denote the point that g n sends to 1 n ∈ bΩ n . By (5) the sequence a n has to converge to the origin, and so there is a sequence of conformal automorphisms ϕ n of G fixing the point p, sending the origin to a n , with ϕ n → id uniformly on G. Replacing the maps g n by g n • ϕ n in the above argument also gives (ii).
In the remainder of this section, R denotes a Riemann surface without boundary (open or closed), and D is a relatively compact, smoothly bounded domain with nonempty boundary in R.
Lemma 2.2. Given pairwise distinct points a 1 , a 2 , . . . , a k ∈ D with a 1 ∈ bD, a neighborhood U ⊂ R of a 1 , a point b ∈ R\D in the same connected component of R\D as a 1 , and a positive integer N ∈ N, there is a smooth diffeomorphism φ : D → D ′ ⊂ R satisfying the following:
φ is tangent to the identity map to order N at each of the points a 2 , . . . , a k , and (4) φ is as close as desired to the identity map on D\U in the smooth topology on the space of maps.
Proof. We may assume that N > 2. Choose a smooth embedded Jordan arc γ ⊂ R with the endpoints a 1 and b such that γ ∩ D = {a 1 }, and the tangent line to γ at a intersects the tangent line to bD at a 1 transversely. Then γ has an open, connected and simply connected neighborhood W ⊂ R that is conformally equivalent to a bounded domain (a disc) in C. Let z denote the corresponding holomorphic coordinate on W , chosen such that z(a 1 ) = 0. By shrinking the neighborhood U of the point a 1 we may assume that U ⊂ W , that U does not contain any of the points a 2 , ..., a k , and that z(U ) = rD ⊂ C for some r > 0. Choose a number r ′ ∈ (0, r) and let U ′ ⊂ U be chosen such that z(U ′ ) = r ′ D.
Choose a connected and simply connected domain G ⊂ W with smooth boundary, with a defining function ρ such that G = {ρ < 0} and dρ = 0 on b G, satisfying the following properties (see Figure 1 ):
Property (iii) can be achieved since the arc γ is transverse to bD at a 1 . 
By choosing c > 0 small enough we insure that C is a compact set contained in G (see Figure 1 ), and we have
On Figure 1 , the set C is bounded by the two circular arcs (left and right) and by the two arcs in the larger dotted ellipse representing the level set {τ = c}. The set A is the part of the filled dotted ellipse lying on the left hand side of the right boundary arc of C, and B is the part of the filled dotted ellipse on the right hand side of the left boundary arc of C.
Choose small open neighborhoods V ′ ⋐ V ′′ of the point a such that V ′′ is contained in the interior of the set B\A, and choose a small neighborhood V of γ such that V ∩ (A\B) ∩ D = ∅. Let ψ n : G → ψ n (G) be a sequence of conformal maps furnished by Lemma 2.1, satisfying the properties of that lemma with respect to the sets V, V ′ , V ′′ . Recall that the compact set C is
As n → +∞, ψ n converges to the identity uniformly on C ′ , and hence also in the smooth topology (by the Cauchy estimates). The same is then true for its inverse γ n on a slightly smaller neighborhood of C.
We are now in position to apply [22, Theorem 4 .1] to the map γ n . For every sufficiently large n ∈ N, the cited theorem furnishes a decomposition
where α n is a small holomorphic perturbation of the identity map on a fixed neighborhood of A (independent of n) that is tangent to the identity to order N at each of the points a 2 , . . . , a k , and β n is a small holomorphic perturbation of the identity map on a neighborhood of B that is tangent to the identity to order N at the point a 1 . The closeness of α n (resp. of β n ) to the identity in any C r -norm on A (resp. on B) can be estimated by the closeness of ψ n to the identity on C ′ . (This Cartan-type decomposition lemma for biholomorphic maps close to the identity is one of the most technical results used in our construction. Its proof in [22] applies to Cartan pairs in an arbitrary Stein manifold.)
By combining the above two displays we obtain
If the approximations are sufficiently close (which holds for n large enough) then the two sides, restricted to A ∩ D (resp. to B ∩ D), define a diffeomorphism φ n : D → φ n (D) ⊂ R that is holomorphic in D and such that
• φ n is tangent to the identity map to order N at each of the points a 2 , . . . , a k , and • φ n converges to the identity map uniformly on D\U as n → +∞.
Indeed, both sides α n and ψ n • β n satisfy the stated properties on their respective domain. For α n this is clear from the construction. For β n we need a more precise argument to see that it maps B ∩ D into G ∪ {a} for sufficiently large n ∈ N. By the construction, its Taylor expansion in a local holomorphic coordinate z near a 1 , with z(a 1 ) = 0, equals
The size of the constant M n , and of the remainder term, can be estimated (using the Cauchy estimates) by dist(β n , id) on B, and hence by dist(ψ n , id) on the set C ′ . Since G osculates D from the outside to the second order at the point a 1 (see property (ii) above), it follows that for a sufficiently small neighborhood U 1 of the point a 1 and for all large enough n ∈ N we have
On the complement (B ∩ D)\U 1 , β n is close to the identity for large n, and hence it maps this set into a fixed compact set in G. Thus the composition ψ n • β n is well defined on B ∩ D and it satisfies the stated properties.
It is also easily seen that φ n is injective if n is large enough. Indeed, each of the two expressions defining φ n on A∩D (resp. on B∩D) is injective by the construction, and hence it suffices to verify that no point from (A\B)∩D can get identified with a point from (B\A) ∩ D under φ n . By the construction, the points from the first set remain nearby since α n is close to the identity. by (2.1) , and hence ψ n •β n (x) ∈ V ′′ ∪V by property (iii) in Lemma 2.1. Since the set V ′′ ∪V is at a positive distance from (A\B)∩D, we see that ψ n •β n (x) cannot coincide with α n (x ′ ) for any point x ′ ∈ (A\B) ∩ D provided that n is large enough. The remaining set ((B\A) ∩ D)\U 1 is compactly contained in B ∩ D ∩ G where ψ n • β n is close to the identity for large n, and hence no point from this set can get identified with a point from (A\B) ∩ D.
This completes the proof Lemma 2.2.
Using Lemma 2.2 inductively we now prove the following theorem that is one of our main tools in the proof of Theorem 1.1.
Theorem 2.3. Assume that R is a connected Riemann surface (open or closed) and D is a relatively compact smoothly bounded domain in R.
Choose finitely many pairwise distinct points a 1 , . . . , a k ∈ bD, b 1 , . . . , b k ∈ R\D, and c 1 , . . . , c l ∈ D\{a 1 , . . . , a k } such that for each j = 1, . . . , k the points a j and b j belong to the same connected component of R\D. For every integer N ∈ N there exists a diffeomorphism φ : D → D ′ onto a smoothly bounded domain D ′ ⊂ R such that φ : D → D ′ is biholomorphic, φ(a j ) = b j for j = 1, . . . , k, and φ is tangent to the identity map to order N at each point c j . Furthermore, given a neighborhood U j of a j for every j, φ can be chosen as close as desired to the identity map in the smooth topology on D\ k j=1 U j .
Proof. By decreasing the neighborhoods U j ∋ a j we may assume that their closures are pairwise disjoint and do not contain any of the points c j . Choose smaller neighborhoods U ′ j ∋ a j with U ′ j ⊂ U j for j = 1, . . . , k. A map φ with the desired properties will be found as a composition
In the first step, Lemma 2.2 furnishes a diffeomorphism φ 1 :
φ 1 is tangent to the identity to order N ′ = max{2, N } at each of the points a 2 , . . . , a k and c 1 , . . . , c l , and (4) φ 1 is uniformly close to the identity on D\U ′ 1 . Hence the points b 1 = φ 1 (a 1 ), a 2 , . . . , a k lie on bD 1 , and c j ∈ D 1 for j = 1, . . . , l.
In the second step we apply Lemma 2.2, with D replaced by D 1 = φ 1 (D), to find a diffeomorphism φ 2 : D 1 → φ 2 (D 1 ) = D 2 , holomorphic in the interior and close to the identity map on D 1 \U ′ 2 , such that φ 2 (a 2 ) = b 2 , φ 2 is tangent to the identity to order N ′ at the points b 1 , a 3 , . . . , a k and c 1 , . . . , c l , and φ 2 is close to the identity map on D 1 \U ′ 2 . Continuing inductively, we obtain after k steps a map φ satisfying the conclusion of Theorem 2.3 with D ′ = D k . At the j-step of the construction, the action takes place near the point a j ∈ bD j−1 that is mapped by φ j to the point b j ∈ bD j = φ j (bD j−1 ). In addition, φ j is tangent to the identity at the points b 1 , . . . , b j−1 , a j+1 , . . . , a k and c 1 , . . . , c l , and φ j is close to the identity map on D j−1 \U ′ j . The final domain D ′ = D k = φ(D) contains the points b 1 , . . . , b k in the boundary, while the points c 1 , . . . , c l remained fixed during the construction. The domain D ′ is very close to D away from a small neighborhood of each point a j , and at a j it includes a spike reaching out to b j .
Embedded surfaces with exposed boundary points
In this section we prove Theorem 1.1 in the following precise form: Let π : C 2 → C denote the coordinate projection π(z 1 , z 2 ) = z 1 . We recall the following definition from [50] . Definition 3.2. Let Σ ⊂ C 2 be a locally closed embedded complex curve, possibly with boundary. A point p = (p 1 , p 2 ) ∈ Σ is exposed (with respect to the projection π) if the complex line Λ p = π −1 (π(p)) = {(p 1 , ζ) : ζ ∈ C} intersects Σ precisely p and the intersection is transverse:
If Σ = f (R) where R is a Riemann surface (with or without boundary) and f : R → C 2 is an injective immersion, then a point a ∈ R is said to be f -exposed if the point p = f (a) ∈ Σ is exposed.
In the proof of Theorem 3.1 we shall need the following result of the second author [50, Theorem 1] . For completeness and readability of the paper we include a sketch of proof. Sketch of proof. Let bD = m j=1 C j and assume that a j ∈ C j is an f -exposed point for each j = 1, . . . , m. Define a rational shear map g of C 2 by
for some complex numbers α j . The composed map g • f : D → C 2 is another (still non-proper) embedding of D into C 2 that extends smoothly to D\{a j } m j=1 , and the new embedded Riemann surface X = (g • f )(D) ⊂ C 2 is unbounded and enjoys the following properties:
(1) X admits an exhaustion K 1 ⊂ K 2 ⊂ · · · ⊂ ∞ j=1 K j = X by compact sets K j that are polynomially convex in C 2 . To see this, it suffices to show that any smoothly bounded compact set K ⊂ X that is holomorphically convex in X is also polynomially convex in C 2 . Since K = bK and bK is a union of smooth curves, the set A = K\bK is an analytic subvariety of C 2 \bK containing K\bK (see [48] ). If A = K\bK, then A contains a local extension of K in X near a boundary component of K, and hence K contains at least one connected component of X\K, a contradiction since each of these components is unbounded in C 2 . Thus K = K as claimed.
(2) A similar argument shows that for any compact polynomially convex set K ⊂ C 2 \bX, K ∪ K j is also polynomially convex for all large j ∈ N.
(3) A generic choice of the numbers α j in the definition of g (3.1) also insures that for every compact polynomially convex set K contained in C 2 \bX and for every pair of numbers ǫ > 0 (small) and r > 0 (large) there exists a holomorphic automorphism ψ of C 2 such that sup x∈K |ψ(x) − x| < ǫ and ψ(bX) ⊂ C 2 \rB.
(Here B is the unit ball in C 2 .) The construction of such automorphism (see Lemma 1 and the proof of Theorem 4 in [49] ) depends on the results from [8] , [24] and [15] . In addition, this property of bX is invariant under holomorphic automorphisms of C 2 as is seen by a simple conjugation argument.
Using these properties we find a sequence of holomorphic automorphisms Φ j = φ j • φ j−1 • · · · • φ 1 ∈ Aut C 2 carrying the boundary of X to infinity and converging on X to a proper holomorphic embedding X ֒→ C 2 . The inductive step is the following. Fix an index j ∈ N and assume inductively that Φ j (bX) ∩ jB = ∅. (This trivially holds for j = 0 with Φ 0 = id.) Choose m j ∈ N large enough such that the compact set L j = jB ∪ Φ j (K m j ) is polynomially convex (this is possible by property (2)). By property (3) there is for any ǫ j > 0 an automorphism φ j+1 ∈ Aut C 2 such that • |φ j+1 (x) − x| < ǫ j for all x ∈ L j , and • |φ j+1 (x)| > j + 1 for all x ∈ Φ j (bX).
Setting Φ j+1 = φ j+1 • Φ j completes the induction step. A suitable choice of the sequences ǫ j ց 0 and m j ր +∞ insures that the sequence Φ j ∈ Aut C 2 converges locally uniformly on a domain Ω ⊂ C 2 to a biholomorphic map Φ : Ω → C 2 onto C 2 (a Fatou-Bieberbach map), and we have X ⊂ Ω and bX ⊂ bΩ. The restriction ϕ = Φ| X : X ֒→ C 2 is then a proper holomorphic embedding. Since X is biholomorphic to D, this proves Theorem 3.3. For further details see [50] . For every holomorphic embedding f : D ֒→ C 2 as in Theorem 3.1 there is another holomorphic embedding F : D ֒→ C 2 such that every boundary curve of F (D) contains an exposed point. Furthermore, F can be chosen to agree with f to a given finite order at a prescribed finite set of points c 1 , . . . , c l ∈ D; if these points are f -exposed then F can be chosen such that they are also F -exposed.
Proof. We can approximate f as close as desired in the C 1 -topology on D by a holomorphic map from an open neighborhood of D into C 2 . If the approximation is sufficiently close and if we replace R by a sufficiently small neighborhood of D, we may assume that f : R ֒→ C 2 is a (non-proper) embedding of an open Riemann surface R ⊃ D onto a locally closed embedded complex curve f (R) in C 2 .
We have bD = m j=1 C j where each C j is a closed curve. For every j = 1, . . . , m we choose a point a j ∈ C j and a smooth embedded arc γ j ⊂ R that is attached with one of its endpoints to D at a j , and such that the intersection of γ j and C j is transverse at a j . The rest of the arc, γ j \{a j }, is contained in R\D. Let b j denote the other endpoint of γ j . Choose an open set U ⊂ R that contains D and such that U does not contain any of the points b 1 , . . . , b m . We also insure that the set γ j ∩ U = γ j is an arc with an endpoint a j .
In C 2 we choose for every j = 1, . . . , m a smooth embedded arc λ j that agrees with the arc f ( γ j ) near the endpoint q j = f (a j ), while the rest of it, λ j \f ( γ j ), does not intersect f (U ). We also insure that the arcs λ 1 , . . . , λ m are pairwise disjoint, they do not intersect any of the vertical complex lines through the points f (c 1 ), . . . , f (c l ), and the other endpoint p j of λ j is an exposed point for the set f (D)∪( m j=1 λ j ) ⊂ C 2 (see Figure 2 ). In particular, the complexified tangent line to the arc λ j at p j is transverse to the vertical line through p j . We may begin with an arbitrary set of points p 1 , . . . , p m ∈ C 2 such that the vertical lines through them are pairwise disjoint and do not intersect f (U ), and then find arcs λ j from q j = f (a j ) to p j as above.
Let K = D ∪ ( m j=1 γ j ), a compact set in R. Let f ′ : U ∪ ( m j=1 γ j ) → C 2 be a smooth map that agrees with f on U and that maps each arc γ j ⊂ R diffeomorphically onto the corresponding arc λ j ⊂ C 2 . In particular, the endpoint b j of γ j is mapped by f ′ to the exposed endpoint p j of λ j . Figure 2 . A Riemann surface with exposed tails By an extension of Mergelyan's theorem (see e.g. [23, Theorem 3.2]) we can approximate f ′ , uniformly on a neighborhood of D and in the C 1 topology on each of the arcs γ j , by a holomorphic map f : V → C 2 from an open neighborhood of K in R, insuring that f matches f ′ at the points a 1 , . . . , a m , b 1 , . . . , b m , c 1 , . . . , c l . If the approximation is close enough and the neighborhood V ⊃ K is chosen small enough, then f : V → C 2 is a (non-proper) embedding and the points p j = f (b j ) and f (c j ) = f (c j ) are exposed in f (V ). Theorem 2.3 furnishes a diffeomorphism φ : D → φ(D) ⊂ V that is holomorphic in D, that sends a j to b j for every j = 1, . . . , m, that is tangent to the identity at each of the points c 1 , . . . , c l , and that is close to the identity map outside a small neighborhood of each point a j . The composition
then embeds D onto the domain F (D) in the complex curve f (V ) ⊂ C 2 such that each point p j = F (a j ) for j = 1, . . . , m is an exposed boundary point of F (D), and the points F (c j ) = f (c j ) are also exposed in F (D).
This completes the proof of Proposition 3.4. A small modification of the proof of Theorem 3.1 also gives the following embedding result for certain domains with punctures.
Proof of Theorem
Theorem 3.5. Assume that the embedding f : D ֒→ C 2 satisfies the hypotheses of Theorem 3.1. If the points c 1 , . . . , c l ∈ D are f -exposed points (with respect to some linear projection π : C 2 → C), then the domain D ′ = D\{c 1 , . . . , c l } admits a proper holomorphic embedding in C 2 .
Proof. By a linear change of coordinates on C 2 we may assume that π is the first coordinate projection. Proposition 3.4 gives another holomorphic embedding F : D ֒→ C 2 that agrees with f to the second order at each of the points c 1 , . . . , c l and such that these points remain F -exposed, and in addition F exposes at least one point a j ∈ C j in each of the boundary curves C j of D. Choose a rational shear (3.1) with poles at the points π • F (a j ) (j = 1, . . . , m) and π •F (c j ) (j = 1, . . . , l). The proof of Theorem 3.3 applies to the new unbounded surface (g • F )(D\{a 1 , . . . , a m , c 1 , . . . , c l }) ⊂ C 2 and gives a proper holomorphic embedding D\{c 1 , . . . , c l } ֒→ C 2 .
Teichmüller spaces of bordered Riemann Surfaces.
In this section we outline another possible proof of Theorem 1.1 by employing the theory of Teichmüller spaces. The main idea was already used by Globevnik and Stensønes (see [28] ) for planar domains (genus g = 0), and by the second author (see [51] ) for domains in complex tori (genus g = 1). Here we focus on domains of genus g > 1.
Let R be a connected, closed, oriented smooth surface of genus g > 1. The set of all equivalence classes of complex structures on R is the quotient T g /Γ g , where T g is the Teichmüller space of R (a complex manifold of complex dimension 3g − 3 that is biholomorphic to a bounded domain in C 3g−3 and is homeomorphic to the ball), and Γ g is a properly discontinuous group of holomorphic automorphisms of T g . (For a precise description and the construction of the Teichmüller space T g see [1, 2, 3, 11, 12, 13] and the monographs [37, 38] .) Each element of T g can be represented uniquely as the quotient D/G of the unit disc D ⊂ C by a suitably normalized Fuchsian group G, that is, a group of fractional linear transformations preserving the circle b D and acting properly discontinuously and without fixed points on both discs forming the complement of b D in the Riemann sphere P 1 = C ∪ {∞}. By fixing a marked reference surface R 0 = D/G 0 ∈ T g , we may view T g as the space of group isomorphisms θ : G 0 → G of normalized Fuchsian groups, with the coefficients of the generators of θ(G 0 ) serving as the coordinates (see [12, Theorem 2] ).
There exists a holomorphic submersion π : Z → T g of a complex manifold Z onto the Teichmüller space T g such that the fiber π −1 (θ) over any point θ ∈ T g is the Riemann surface R θ = D/θ(G 0 ); hence Z is a universal family of closed Riemann surfaces of genus g. One takes Z as the quotient of X = T g × D obtained by replacing each fiber {θ} × D ⊂ X by the Riemann surface D/θ(G 0 ). Ahlfors showed that, in the complex structure on X, the maps (θ, z) → θ and (θ, z) → (θ, θ(a)z) are holomorphic for a fixed a ∈ G 0 (see [3] ), and this gives a complex structure to Z.
We now consider connected domains D ⊂ R obtained by removing m ≥ 1 discs (homeomorphic images of the closed disc D) from R. The boundary bD of any such domain is the union of m closed Jordan curves, each bounding a complementary disc that was removed from R. We shall write R θ for the Riemann surface obtained by endowing R with the complex structure determined by a point θ ∈ T g .
He and Schramm proved (see [32, 33] ) that every domain D ⊂ R θ as above is conformally equivalent to a domain D ′ in another Riemann surface R ′ = R θ ′ such that the preimage of D ′ in the universal covering D of R ′ is a domain in D all of whose complementary components are geometric (round) discs; we shall call such D ′ a circle domain. Moreover, the operation mapping D to D ′ is continuous, in the sense that domains close to D are mapped to circle domains close to D ′ in Riemann surfaces close to R ′ . For connected planar domains with at most countably many boundary components, this solved a famous conjecture of Koebe from 1908 to the effect that every plane domain is conformally equivalent to a circle domain. Known as the Kreisnormierungsproblem, this conjecture was the subject of considerable effort over many decades.
Using the result of He and Schramm, one can give the following description of the Teichmüller space T g,m of bordered Riemann surfaces of genus g ≥ 2 with m ≥ 1 boundary components. Every element of T g,m is represented by a circle domain D in a closed Riemann surface R θ of genus g, determined by a point θ ∈ T g . We represent D by a choice of representatives (z, r) = (z 1 , . . . , z m , r 1 , . . . , r m ) ∈ D m × (0, ∞) m of the centers z j ∈ D and the radii r j > 0 of the complementary components of the preimage of D in D; such triples (θ, z, r) then parametrize the points in T g,m . Although this representation of D is clearly not unique as we may choose different representatives of the removed discs, it is locally unique in the following sense: If ǫ > 0 is small enough then the triples (θ ′ , z ′ , r ′ ) that are ǫ-close to (θ, z, r) determine pairwise distinct elements of T g,m . (This is seen by observing that the Fuchsian group G = θ(G 0 ) acts properly discontinuously and without fixed points on D, and for each removed disc ∆ ⊂ D we also remove all its images g(∆) for g ∈ θ.) In this way we define on T g,m the structure of a real (6g − 6 + 3m)-dimensional manifold.
Let E g,m denote the set of all circle domains D in Riemann surfaces R θ (θ ∈ T g ) such that D admits an injective immersion f : D ֒→ C 2 that is holomorphic in D. In other words, E g,m is the set of elements of the Teichmüller space T g,m that satisfy the hypothesis of Theorem 1.1. Proof. That E g,m is nonempty was proved in [16, Theorem 1.1], and it also follows from our results: Any compact Riemann surface R admits an immersion to P 2 , and by cutting out a suitably chosen open disc U ⊂ R one obtains a holomorphic embedding of D 0 = R\U into C 2 . Removing m − 1 additional pairwise disjoint closed discs from D 0 we obtain a point in E g,m .
To see that E g,m is open, choose a point (θ, z, r) ∈ E g,m and let D ⊂ R θ denote the correponding circle domain. Let f : D ֒→ C 2 be an embedding as in Theorem 1.1. We can approximate f in the C 1 -topology on D by a holomorphic map f : U → C 2 from an open set U ⊂ R θ containing D.
Consider R θ as the fiber π −1 (θ) in the fibration π : Z → T g defined above. Choose Ω small enough such that Ω ∩ R θ ⊂ U . By Cartan's extension theorem, the map f : U ∩ Ω → C 2 extends to a holomorphic map F : Ω → C 2 . The restriction of F to any domain D ′ ⊂ R θ ′ sufficiently near D (in a fiber R θ ′ of Z that is sufficiently close to the initial fiber R θ ) is then a holomorphic embedding of D ′ into C 2 , and hence such D ′ belongs to E g,m . This completes the proof of Proposition 4.1. Sketch of an alternative proof of Theorem 1.1. Fix a circle domain D ⊂ R θ satisfying the hypothesis of Theorem 1.1. The argument in the proof of Proposition 4.1 above give a smooth family of holomorphic embeddings of (the closures of) all nearby circle domains into C 2 . Proposition 3 in [51] gives another continuously varying family of holomorphically embedded surfaces in C 2 , close to the original one, whose members all have an exposed point in each boundary component, and hence they all embed properly holomorphically into C 2 by Theorem 3.3. (This construction of exposed points is reminiscent of what we did in the proof of Proposition 3.4 above, but less precise as it entails a small cut of each domain, thereby changing its conformal structure. At this point one must use the fact that the normalization of He and Schramm is a continuous operation.)
An argument as in [28] and [51], using the Brouwer fixed point theorem, now shows that there is a domain in the new family that is conformally equivalent to the original domain D, thereby concluding the proof. For domains in tori the details of this argument can be found in [51].
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